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Abstract
The supercharacter theories of Cp×C2×C2 were classified in the language of Schur
rings by Evdokimov, Kova´cs, and Ponomarenko in [EKP16]. It was shown that every
nontrivial supercharacter theory of Cp×C2×C2 can be constructed as a wedge product,
a direct product, or is generated by automorphisms. We use this classification to give
a precise count of the distinct supercharacter theories of Cp × C2 × C2 and describe
when a supercharacter theory can be constructed by more than one method. We also
present an alternative proof of the classification using the language of supercharacter
theories.
1 Introduction
A supercharacter theory for a finite group G is a pair of set partitions, one of G and one
of the set of irreducible characters Irr(G), satisfying a small set of conditions. They corre-
spond to subalgebras of the group algebra Z(CG) satisfying some special properties. They
were first defined by Diaconis and Isaacs [DI08] and were used to assist in understanding
the groups UTn(q) of unimodular upper triangular matrices over the finite field Fq. Since
then, there has been research connecting supercharacter theories to Hopf algebras and
number theory by examining specific classes of supercharacter theories.
One natural question that arises is what are all the possible supercharacter theories for
a given group G? One important family of groups for which the answer to that question
is known is the cyclic groups as described in [LM98] and [LM96]. In this case there are
three general methods of constructing supercharacter theories which suffice to construct all
possible nontrivial supercharacter theories. The first method generates the supercharacter
theory as the orbits of the action of a subgroup of the automorphisms of G. The other
two methods build the supercharacter theory from the supercharacter theories of smaller
groups. First, if G can be expressed as a direct product of two subgroups, we can form the
direct product of any pair of supercharacter theories of the two subgroups of G. Second,
we can use what are known as wedge products. We will only describe a special case as
it is sufficient for our discussion, although the full generality is required for cyclic groups.
For any normal subgroup N of G, the wedge product combines any supercharacter theory
for N and any supercharacter theory for G/N to form a supercharacter theory for G. It
is possible that a supercharacter theory can be constructed by more than one of these
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methods, or by the same method in different ways. Also for general Abelian groups, it
is known that these three methods are not sufficient. In particular there are nontrivial
supercharacter theories for p-groups which cannot be constructed using these methods.
It was shown in the proof of Theorem 1.5 in [EKP16] that these three methods are
also sufficient to construct every nontrivial supercharacter theory of Cp × C2 × C2 where
p is prime. Using this classification, it was proved that Cp × C2 × C2 is a Schur group
for any prime p. We use this classification to determine the total number of distinct
supercharacter theories of Cp × C2 × C2 for p odd, and further which supercharacter
theories can be constructed by each of the methods, and which ones can be constructed
in more than one way. Many of these supercharacter theories are isomorphic, however
we will consider them distinct if the partitions of Cp × C2 × C2 are distinct regardless of
whether they are isomorphic or not. In Sections 3 through 7, we present an alternative
proof of the classification using the language and techniques of supercharacter theories.
Our proof often uses more elementary and detailed methods than the one presented in
[EKP16], however it is also much longer. A key element of our argument is the utilization
of the properties of the sums of roots of unity which occur when the supercharacters are
evaluated on superclasses. These techniques may potentially allow the classification to
be extended in different directions, particularly to supercharacter theories of nonAbelian
groups. The proof presented in Theorem 1.5 in [EKP16] is recommended for readers
familiar with the language of Schur rings.
2 Preliminaries
We will use the following notation. We will denote the cyclic group of order n by Cn.
As we will discuss (C2)
3 separately, let p be an odd prime. All groups will be written
multiplicatively with identity e. If H1 and H2 are normal subgroups of G such that H1 ∩
H2 = {e} and 〈H1,H2〉 = G then G ∼= H1 ×H2 and we call H1 and H2 a complementary
pair. Given a group G we will let Irr(G) represent the set of irreducible characters of G
over C. We shall denote the character of the trivial representation by triv. For K ⊆ G
define
K(i) = {ki|k ∈ K}, (1)
K̂ =
∑
g∈K
g ∈ CG. (2)
We begin with the definition of a supercharacter theory for a finite group based on the
original description given by Diaconis and Isaacs in [DI08]:
Definition 1. [DI08] Given a finite group G, a supercharacter theory for G is a pair (X ,K)
where X is a partition of Irr(G) and K is a partition of the set of conjugacy classes of G
satisfying the following conditions:
1. {e} is an element of K, and {triv} is an element of X ,
2. |K| = |X |,
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3. for all X ∈ X and all K ∈ K the class functions σX =
∑
χ∈X
χ(e)χ satisfy σX(g) =
σX(h) for all g, h ∈ K.
The elements of K are called superclasses and the σX , for all X ∈ X are called
supercharacters. We shall denote the superclass containing the element g by [g]K or by
[g] when K is clear from context. We shall denote the X ∈ X containing the irreducible
character χ by [χ]X or [χ].
We will say that a supercharacter theory (X ′,K′) is a refinement of the supercharacter
theory (X ,K) if X ′ is a refinement of X as partitions or equivalently K′ is a refinement of
K.
Proposition 2.1. [DI08, Th. 2.2] If (X ,K1) and (X ,K2) are supercharacter theories for
G, then K1 = K2. Similarly if (X1,K) and (X2,K) are supercharacter theories for G then
X1 = X2.
Lemma 2.1. [Hen08, Lemma 6.1(a)] If (X ,K) is a supercharacter theory for G and K ∈ K,
then the subgroup of G generated by K is a union of superclasses.
We will require the use of an alternative description of a supercharacter theory based
on the bijection between the set of supercharacter theories for a finite group G and the
set of Schur rings of G which are contained in Z(CG) [Hen10]. For more information, see
[Wie64].
Definition 2. The Hadamard product ◦ is defined on CG by∑
g∈G
agg
 ◦
∑
g∈G
bgg
 =∑
g∈G
(agbg)g. (3)
Note that (CG, ◦) is a commutative associative algebra, with identity Ĝ. When neces-
sary, we will denote the usual product on CG by ∗, to distinguish it from the Hadamard
product.
Proposition 2.2. [Hen10, Prop. 2.4] For a finite group G there is a bijective correspondence
between supercharacter theories (X ,K) and C-linear subspaces A of Z(CG) containing e
and Ĝ which are closed under the operations ∗ and ◦.
Because of the above bijection we shall also refer to such algebras as supercharacter
theories. Given such an algebra A we shall denote the corresponding partitions of Irr(G)
and G by XA and KA respectively.
Remark 2.1. Note that for H ⊆ G, Ĥ ∈ A is equivalent to H being a union of superclasses.
Also for a supercharacter θ and an irreducible character χ the inner product 〈θ, χ〉 6= 0 is
equivalent to χ a summand of θ.
We recall the following, for more details see [DI08]. We note that if N is a normal
subgroup of G with a supercharacter theory A, and N̂ ∈ A then CN ∩ A is a superchar-
acter theory for N . We shall call such a theory the restriction of A to N , denoted by
3
A|N . We also observe that A|N is the supercharacter theory of N defined by the super-
classes {K ∈ KA|K ⊂ N}. The supercharacter theory A = Z(CG) is called the minimal
supercharacter theory. The supercharacter theory with K = {{e}, G \ {e}} is called the
maximal supercharacter theory, and we will also refer to it as the trivial supercharacter
theory.
We recall the following methods of constructing supercharacter theories. For cyclic
groups, these three methods are sufficient to construct all nontrivial supercharacter the-
ories. We note that it is sometimes possible to construct a given supercharacter theory
using more than one of the following constructions.
Proposition 2.3. [DI08] A subgroup H of Aut(G) acts on both the set of conjugacy classes
of G and Irr(G). Letting K be the set of orbits of the action on the conjugacy classes and
X be the orbits of the action on Irr(G) yields a supercharacter theory.
We will say that such a supercharacter theory (X ,K) is generated by H, or generated
by automorphisms.
Proposition 2.4. [Hen10, Prop 8.1] Suppose that (XG,KG) is a supercharacter theory for
G and (XH ,KH) is a supercharacter theory for H. Then there is a supercharacter theory
for G × H in which the superclasses are given by {K × L|K ∈ KG, L ∈ KH} and the
supercharacters are given by {φ× σ|φ ∈ XG, σ ∈ XH}.
We will often refer to a supercharacter theory constructed in this way as the direct
product of the supercharacter theories (XG,KG) and (XH ,KH).
Proposition 2.5. [Hen10, Th. 4.2] Let N be a normal subgroup of G, and let π : G→ G/N
be the natural quotient map. Suppose that (XN ,KN ) is a supercharacter theory for N ,
and (XG/N ,KG/N ) is a supercharacter theory for G/N . Then there is a supercharacter
theory for G in which the set of superclasses is
KN ∪ {π
−1(K)|K ∈ KG/N \ {{e}}}. (4)
For ψ ∈ Irr(N) let Irr(G|ψ) be the set of χ ∈ Irr(G) such that 〈χ|N , ψ〉 > 0. The
corresponding partition of Irr(G) is given by
XG/N ∪ {
⋃
ψ∈X
Irr(G|ψ)|X ∈ XN ,X 6= {triv}}. (5)
We will call such a supercharacter theory the wedge product of the supercharacter
theory for N and the supercharacter theory of G/N , to agree with the conventions in
[LM98] and [LM96].
We note that the above construction is a special case of a more general method, see
[Hen10]. When classifying the supercharacter theories of cyclic groups the full generality
is necessary, but in our case this version will suffice.
3 Structure of the Main Argument
We are now ready to present the classification given in the proof of Theorem 1.5 in [EKP16]
in our current terminology:
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Theorem 3.1. [EKP16] Let p be prime, G = Cp × C2 × C2. Then every nontrivial super-
character theory A of G is at least one of the following:
1. generated by automorphisms,
2. the direct product of supercharacter theories for a pair of complementary subgroups
H1,H2 ≤ G,
3. the wedge product of supercharacter theories for H ≤ G and G/H.
We will now outline the structure of our version of a proof. The following theorem is
a key part of our argument.
Theorem 3.2. [Wie64, Th. 25.4] If G is an Abelian group of composite order and there
exists a prime p such that the p-Sylow subgroup of G is nontrivial and cyclic, then for
every nontrivial supercharacter theory A of G there exists a proper nontrivial subgroup
H such that Ĥ ∈ A.
It is clear that this theorem applies to Cp × C2 × C2 when p is an odd prime. Our
classification will be split into four cases based on what collection of proper nontrivial
subgroups are unions of superclasses, and by this theorem we know that this collection is
nonempty. Every proper nontrivial subgroup of Cp×C2×C2 is isomorphic to C2, C2×C2,
Cp, or Cp ×C2. There are three isomorphic copies of C2 and Cp ×C2 respectively. There
is one copy of C2 × C2 and one copy of Cp.
We see that there are a large number of different possibilities for which subgroups
are unions of superclasses. However, we can reduce the number of cases which must be
considered in the following way. Recall that if G is Abelian then Irr(G) ∼= G as groups,
although the isomorphism is non-canonical. In [Hen09] the notion of a dual supercharacter
theory is introduced using the canonical isomorphism G ∼= Irr(Irr(G)), and it is shown that
every supercharacter theory A of an Abelian groupG yields a unique supercharacter theory
B of Irr(G) where KB = XA. B is not in general isomorphic to A. We will make frequent
use of the following lemma, for convenience we present a proof:
Lemma 3.1. [Hen09, Lemma 11.1] Let A be a supercharacter theory for G and let B be its
dual supercharacter theory for Irr(G). If H ≤ G and Ĥ ∈ A then there exists N ≤ Irr(G)
such that N ∼= G/H and N̂ ∈ B. Further this relation is inclusion reversing: if Ĥ ′ ∈ A
and H ≤ H ′ then there exists N ′ ≤ N such that N ′ ∼= G/H ′ and N̂ ′ ∈ B.
Proof. Consider the dimension three supercharacter theory of G with superclasses {e},H \
{e}, G \ H. The corresponding partition of Irr(G) is {triv}, N \ {triv}, and Irr(G) \ N
where N is the subgroup of Irr(G) satisfying⋂
χ∈N
kerχ = H. (6)
Then by considering the superclasses, we see that A is a refinement of this theory. Hence
N is a union of elements of XA as desired. It is clear that if H ≤ H
′, then N ′ ≤ N , as
every χ which contains H ′ in its kernel also contains H in its kernel, so we are done.
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We also recall the following part of Corollary 11.6 of [Hen09]:
Lemma 3.2. [Hen09, Cor. 11.6] A supercharacter theory A of G can be constructed as a
wedge product iff the dual of A can be constructed as a wedge product.
See [Hen09] for details on the dual supercharacter theory, and [EP14] for duality in
the Schur ring setting.
We note that G = Cp × C2 × C2 has the convenient property that H,H
′ ≤ G with
H ∼= H ′ implies G/H ∼= G/H ′. It is now clear that if we describe the collection of all
supercharacter theories A of G = Cp×C2×C2 such that H ≤ G and Ĥ ∈ A then we also
have a description of the collection of all supercharacter theories B of G with N̂ ∈ B where
N ∼= G/H by considering the dual supercharacter theory and using any fixed isomorphism
G→ Irr(G). We first list all possible sets of proper nontrivial subgroups which can occur
as unions of superclasses, excluding those sets which contain a complementary pair of
subgroups as we will use separate arguments for them. It is a simple exercise to verify
that this list is complete:
1. C2
2. C2 × C2
3. one C2 and C2 × C2
4. all three C2 and C2 × C2
5. Cp
6. Cp × C2
7. Cp and Cp × C2
8. Cp and all three Cp × C2
9. C2 and the Cp × C2 containing it
10. C2, Cp, and the Cp × C2 containing them
11. C2, the Cp × C2 containing it, and C2 × C2.
We now match these cases into pairs as in Lemma 3.1:
(i) Cp × C2 ↔ C2
(ii) Cp ↔ C2 × C2
(iii) Cp × C2 and Cp ↔ C2 × C2 and one C2
(iv) Cp and all three Cp × C2 ↔ C2 × C2 and all three C2
(v) C2 and the Cp × C2 which contains it ↔ C2 and the Cp × C2 which contains it
(vi) Cp, C2, and the Cp×C2 containing them ↔ C2, the Cp×C2 containing it, and C2×
C2.
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By the above argument, we only need to consider one of the cases in each corresponding
pair. We shall handle Cases (ii), (iii), (iv), and (vi) in one argument, by assuming that
Ĉp ∈ A. The remaining two cases, (i) and (v), we shall argue by assuming that one copy
of Cp ×C2 satisfies Ĉp × C2 ∈ A, and that the C2 contained in it is the only other proper
nontrivial subgroup H which may satisfy Ĥ ∈ A.
We shall organize our argument as follows. (i) and (v) will be considered in Case 1.
(ii), (iii), (iv), (vi) will be in Case 2 where we will assume Ĉp ∈ A and Ĉ2 × C2 /∈ A. The
situation where there exists a complementary pair H1 and H2 with Ĥ1, Ĥ2 ∈ A will be
considered in Cases 3 and 4. We will conclude our proof in section 7, where we consider
the case when G = (C2)
3.
We introduce some more notation. Let Cp = 〈ω〉 and C2 × C2 = {e, a, b, c}. We fix
a primitive pth root of unity ρ. We define χ ∈ Irr(Cp × C2 × C2) to be the irreducible
character defined by χ(ω) = ρ, χ(a) = χ(b) = χ(c) = 1. We let ψa, ψb, and ψc be the
irreducible characters defined by ψx(ω) = 1, ψx(x) = 1, ψx(y) = −1 for all x, y ∈ {a, b, c}
with x, y distinct. We will let A denote a supercharacter theory of Cp × (C2 × C2). If
G = H1 ×H2 then for K ⊂ G and h ∈ H2 we define M(K,h) = {g ∈ H1|gh ∈ K}. Hence
K =
⋃
h∈H2
M(K,h)h. (7)
See Example 9.1. Similarly if Irr(G) = H1 ×H2, and χ ∈ H2, then for a supercharacter
θ = σX we will define M(θ, χ) = {ψ ∈ H1|ψχ ∈ X}. Note that ψ ∈M(θ, χ) is equivalent
to 〈θ, ψχ〉 6= 0. Finally, we note the following observation about ρ:
Remark 3.1. Since 1 + t+ t2 + . . . + tp−1 is the minimal polynomial of ρ over Q we have
that if ℓ 6≡ 0 (mod p) and
p−1∑
i=1
ρiℓzi ∈ Z where zi ∈ Q, then for all i, j 6≡ 0 (mod p) zi = zj .
4 Case 1
We begin with the case where Ĉp × C2 ∈ A and the C2 subgroup contained in this copy
of Cp × C2 is the only other nontrivial proper subgroup H which may have Ĥ ∈ A. This
corresponds to (i) and (v) above. Without loss of generality we let ̂〈ω〉 × 〈a〉 ∈ A and 〈a〉
the only other proper nontrivial subgroup H which may have Ĥ ∈ A. By Lemma 3.1 this
is equivalent to {ψa} ∈ XA and 〈χ,ψa〉 is the only other proper nontrivial subgroup of
Irr(G) which may be a union of elements of XA. {b} is not a superclass so there exists
x 6= b such that x ∈ [b]. Since ̂〈ω〉 × 〈a〉 ∈ A x 6= ωℓ, ωℓa for any ℓ. Therefore x = bωℓ or
x = cωℓ for some ℓ. Similarly bωk ∈ [c] or cωk ∈ [c] for some k. {b, c} a superclass implies
that 〈̂b, c〉 ∈ A which contradicts our assumption. So we may choose ℓ, k 6≡ 0 (mod p). Let
θ 6= ψa, triv be a supercharacter. We will express Irr(G) as H1 ×H2 where H1 = 〈ψa, ψb〉
and H2 = 〈χ〉. Hence
θ =
p−1∑
i=0
M̂(θ, χi)χi. (8)
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Since θ(b) = θ(x) we have:
p−1∑
i=0
M̂(θ, χi)(b) =
p−1∑
i=0
ρℓiM̂(θ, χi)(x) (9)
(
p−1∑
i=0
M̂(θ, χi)(b)
)
− M̂(θ, χ0)(x) =
p−1∑
i=1
ρℓiM̂(θ, χi)(x). (10)
The LHS of the equation above is an integer, therefore by Remark 3.1 for all i, j 6≡ 0
(mod p):
M̂(θ, χi)(x) = M̂(θ, χj)(x) (11)(
p−1∑
i=0
M̂(θ, χi)(b)
)
− M̂(θ, χ0)(x) = −M̂(θ, χ)(x). (12)
Case 1a:
We begin with the situation where bωℓ ∈ [b] and bωk ∈ [c] for some ℓ, k 6≡ 0 (mod p),
and further cωu /∈ [b] for any u 6≡ 0 (mod p) and cωv /∈ [c] for any v 6≡ 0 (mod p). Note
that for all i, r
M̂(θ, χi)(b) = M̂(θ, χi)(bωr). (13)
Then we have: (
p−1∑
i=0
M̂(θ, χi)(b)
)
− ̂M(θ, triv)(b) = −M̂(θ, χ)(b) (14)
p−1∑
i=1
M̂(θ, χi)(b) = −M̂(θ, χ)(b) (15)
(p− 1)M̂(θ, χ)(b) = −M̂(θ, χ)(b) (16)
M̂(θ, χ)(b) = 0. (17)
Hence for all i 6≡ 0 (mod p)
M̂(θ, χi)(b) = 0. (18)
Then we conclude that for all r
θ(bωr) =
p−1∑
i=0
ρriM̂(θ, χi)(b) = ̂M(θ, triv)(b). (19)
So θ is constant on {b, bω, . . . , bωp−1}. For all r, ψa(bω
r) = −1, so ψa is also constant on
{b, bω, . . . , bωp−1}. Therefore every supercharacter is constant on the set {b, bω, . . . , bωp−1},
hence it is a subset of a superclass. Since bωℓ ∈ [b] and bωk ∈ [c], {c, b, bω, . . . , bωp−1} is a
subset of a superclass. By our Case 1a assumption, this must be a superclass. This would
imply (
c+
p−1∑
i=0
bωi
)2
= e+ 2
p−1∑
i=0
aωi + p
p−1∑
i=0
ωi ∈ A. (20)
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Since p 6= 2, this implies 〈̂ω〉 ∈ A, which contradicts our assumption for Case 1. Similarly,
we have a contradiction in the case of cωℓ ∈ [b], cωk ∈ [c] for some ℓ, k 6≡ 0 (mod p),
bωu /∈ [b] for any u 6≡ 0 (mod p) and bωv /∈ [c] for any v 6≡ 0 (mod p).
Case 1b:
By the above, we can choose x, y ∈ {b, c} so that x 6= y, xωℓ ∈ [b], ℓ 6≡ 0 (mod p) and
yωk ∈ [c], k 6≡ 0 (mod p).
Recall that for all i, j 6≡ 0 (mod p) M̂(θ, χi)(b) = M̂(θ, χj)(b) and M̂(θ, χi)(c) =
M̂(θ, χj)(c). Then Equation (12) becomes
(p − 1)M̂(θ, χ)(b) + ̂M(θ, triv)(b)− ̂M(θ, triv)(x) = −M̂(θ, χ)(x). (21)
Similarly we have
(p− 1)M̂(θ, χ)(c) + ̂M(θ, triv)(c) − ̂M(θ, triv)(y) = −M̂(θ, χ)(y). (22)
If x = b and y = c, then M̂(θ, χ)(b) = 0 and M̂(θ, χ)(c) = 0. If x = c and y = b then
(p− 1)M̂(θ, χ)(b) + ̂M(θ, triv)(b)− ̂M(θ, triv)(c) + M̂(θ, χ)(c) = 0, (23)
(p− 1)M̂(θ, χ)(c) + ̂M(θ, triv)(c) − ̂M(θ, triv)(b) + M̂(θ, χ)(b) = 0. (24)
Adding these equations gives
pM̂(θ, χ)(b) + pM̂(θ, χ)(c) = 0 (25)
M̂(θ, χ)(b) = −M̂(θ, χ)(c). (26)
We want to show that we cannot have ̂M(θ, triv) ∈ {ψb, ψc}. Without loss of generality
we assume that ̂M(θ, triv) = ψb and ̂M(ψaθ, triv) = ψc. Then Equations (23) and (24)
yield
(p − 1)M̂(θ, χ)(b) + M̂(θ, χ)(c) = −2, (27)
(p − 1)M̂(θ, χ)(c) + M̂(θ, χ)(b) = 2. (28)
Hence by Equation (26), (p−2)M̂(θ, χ)(c) = 2. Since M̂(θ, χ)(c) ∈ Z, we have p = 3. Then
M̂(θ, χ)(c) = 2 implies M̂(θ, χ) = triv +ψc. Then M̂(θ, χ)(b) = 0 which is a contradiction.
Hence we must have ̂M(θ, triv) = ψb + ψc or ̂M(θ, triv) = 0, so Equations (23) and
(24) yield
(p− 1)M̂(θ, χ)(b) + M̂(θ, χ)(c) = 0, (29)
(p− 1)M̂(θ, χ)(c) + M̂(θ, χ)(b) = 0. (30)
Subtracting gives
(p− 2)M̂(θ, χ)(b)− (p− 2)M̂(θ, χ)(c) = 0 (31)
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M̂(θ, χ)(b) = M̂(θ, χ)(c). (32)
Using Equation (26), we see that this implies M̂(θ, χ)(b) = M̂(θ, χ)(c) = 0. Further we see
that ̂M(θ, triv)(b) = ̂M(θ, triv)(c) = 0 as well, since ̂M(θ, triv) = 0 or ̂M(θ, triv) = ψb+ψc.
Recalling that for all i, j 6≡ 0 (mod p) M̂(θ, χi)(b) = M̂(θ, χj)(b) and M̂(θ, χi)(c) =
M̂(θ, χj)(c), we can now conclude that for any r
θ(ωrb) =
p−1∑
i=0
ρirM̂(θ, χi)(b) = 0, (33)
θ(ωrc) =
p−1∑
i=0
ρirM̂(θ, χi)(c) = 0. (34)
Since ψa(ω
rb) = ψa(ω
rc) = −1, we have that
{b, ωb, . . . , ωp−1b, c, ωc, . . . , ωp−1c} (35)
is a subset of a superclass. Since ̂〈ω〉 × 〈a〉 ∈ A, we see that the above must in fact be a
superclass. Therefore this supercharacter theory is a wedge product of a supercharacter
theory for Cp×C2 and a supercharacter theory for the quotient (Cp×C2×C2)/(Cp×C2).
Since the quotient group is isomorphic to C2, there is only one choice of a supercharacter
theory for it. Hence this supercharacter theory is completely determined by the choice
of a supercharacter theory for Cp × C2. This completes the classification in the case
̂〈ω〉 × 〈a〉 ∈ A and 〈a〉 is the only other proper nontrivial subgroup H which may have
Ĥ ∈ A.
5 Case 2
We now consider the case where Ĉp ∈ A and Ĉ2 × C2 /∈ A. By Lemma 3.1 this is equivalent
to ψa + ψb + ψc is a sum of supercharacters, and 〈̂χ〉 is not a sum of supercharacters.
Case 2a:
We begin by assuming there is a Ĉ2 ∈ A, and without loss of generality we let it be
〈a〉 which implies by Lemma 3.1 that 〈̂ψa, χ〉 is a sum of supercharacters. Since 〈ψa, χ〉 ∩
{ψa, ψb, ψc} = {ψa}, ψa is a supercharacter. Since Ĉ2 × C2 /∈ A, we know that {b}, {c},
and {b, c} are not superclasses. Since 〈̂ω, a〉 ∈ A, we have that xωℓ ∈ [b] for some x ∈ {b, c}
and ℓ 6≡ 0 (mod p).
Let θ be a supercharacter which is a sum of irreducible characters in 〈χ,ψa〉. Since ψa
is a supercharacter, M(θ, triv) = 0. Then
θ(b) = θ(xωℓ) =
p−1∑
i=1
ρiℓM̂(θ, χi)(x). (36)
Since θ(b) ∈ Z, we conclude by Remark 3.1 that for all i, j 6≡ 0 (mod p),
M̂(θ, χi)(x) = M̂(θ, χj)(x). (37)
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M(θ, χi) = 0, triv, ψa, or triv +ψa, so M̂(θ, χi)(x) = 0, 1, or −1. If M̂(θ, χi)(x) = 1,
then M̂(θ, χi) = triv. If M̂(θ, χi)(x) = −1, then M̂(θ, χi) = ψa. If M̂(θ, χi)(x) = 0 then
M̂(θ, χi) = 0 or M̂(θ, χi) = triv +ψa. If M̂(θ, χ) = triv, then θ = χ + . . . + χ
p−1, which
is a contradiction as χ + . . . + χp−1 a sum of supercharacters is equivalent to C2 × C2
a union of superclasses. If M̂(θ, χ) = ψa, then θ = ψa(χ + . . . + χ
p−1), so again we
have a contradiction. Therefore we conclude that for every i either M̂(θ, χi) = 0 or
M̂(θ, χi) = triv+ψa. Hence for all r = 0, . . . , p− 1 we have
θ(bωr) = θ(cωr) = 0. (38)
Let θ˜ be a supercharacter which is a sum of irreducible characters each of which is
contained in {ψbχ,ψbχ
2, . . . , ψbχ
p−1, ψcχ,ψcχ
2, . . . , ψcχ
p−1}. M(θ˜, triv) = 0, and we have
similarly:
θ˜(b) = θ˜(xωℓ) =
p−1∑
i=1
ρiℓM̂(θ˜, χi)(x). (39)
θ˜(b) ∈ Z, so by Remark 3.1 for all i, j,
M̂(θ˜, χi)(x) = M̂(θ˜, χj)(x). (40)
If θ˜ is a sum of irreducible characters contained in 〈χ,ψb〉, then 〈̂χ,ψb〉 is a sum of super-
characters which by Lemma 3.1 contradicts the assumption that {b} isn’t a superclass.
Similarly θ˜ is not a sum of characters contained in 〈χ,ψc〉 because {c} isn’t a superclass.
Therefore for all i either M̂(θ˜, χi) = 0 or M̂(θ˜, χi) = ψb+ψc. Hence for all r = 0, . . . , p−1
we have
θ˜(bωr) = θ˜(cωr) = 0. (41)
Recall that 〈ω〉 a union of superclasses is equivalent to ψa + ψb + ψc is a sum of
supercharacters, and 〈ω, a〉 a union of superclasses is equivalent to ψa a supercharacter.
Since neither 〈ω, b〉 or 〈ω, c〉 is a union of superclasses, neither ψb or ψc is a supercharacter.
Therefore ψa and ψb + ψc are both supercharacters.
We now are able to conclude that all supercharacters are constant on the set
{b, bω, . . . , bωp−1, c, cω, . . . , cωp−1} (42)
and we conclude that it is a superclass. Since it is a 〈ω, a〉-coset, we conclude that A is a
wedge product as in Case 1.
Case 2b:
We now assume that there is no C2 with Ĉ2 ∈ A. We want to show that every
superclass disjoint from 〈ω〉 is a union of 〈ω〉-cosets. Since C2 × C2 /∈ A, {a, b, c} is not a
superclass, and by assumption {a}, {b} and {c} are not superclasses either. If {a, b} is a
superclass, then 〈̂a, b〉 ∈ A which contradicts {a, b, c} not a superclass. Similarly {a, c} and
{b, c} are not superclasses. Therefore we conclude that if x ∈ {a, b, c}, then there exists
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y ∈ {a, b, c} and ℓ 6≡ 0 (mod p) such that yωℓ ∈ [x]. Let θ 6= triv be a supercharacter
which is not a summand of ψa + ψb + ψc. Then
θ(x) = θ(yωℓ) (43)
p−1∑
i=1
M̂(θ, χi)(x) =
p−1∑
i=0
M̂(θ, χi)(x) =
p−1∑
i=0
ρℓiM̂(θ, χi)(y) =
p−1∑
i=1
ρℓiM̂(θ, χi)(y). (44)
Since θ(x) ∈ Z, by Remark 3.1 we see that for all i 6≡ 0 (mod p)
θ(yωi) = −M̂(θ, χ)(y). (45)
In particular, note that this implies θ is constant on {yω, yω2, . . . , yωp−1}. For a superclass
K let IK = {x ∈ C2×C2|∃ℓ such that xω
ℓ ∈ K}. Given superclasses K,K ′ which are not
subsets of 〈ω〉, we claim that IK and IK ′ are either equal or disjoint. Suppose they are
not disjoint. Then we have
K̂ 〈̂ω〉 =
∑
x∈K
p−1∑
i=0
xωi ∈ A (46)
since K̂ ′ must be a summand, this implies IK ′ ⊂ IK . However, by considering K̂ ′〈̂ω〉 we
see that IK ⊂ IK ′ which proves the claim.
There are three cases for the classes K disjoint from 〈ω〉:
1. |IK | = 1 for all K,
2. there exists z ∈ {a, b, c} such that for every K either IK = {z} or IK = {a, b, c}\{z},
3. IK = {a, b, c} for all K.
If |IK | = 1 for allK then there must exist i 6≡ 0 (mod p) such that aω
i ∈ [a]. Then we have
Equation (45) for y = a, and hence {a, aω, . . . , aωp−1} is a subset of a superclass. Similarly
we have that {b, bω, . . . , bωp−1} and {c, cω, . . . , cωp−1} are subsets of superclasses. Clearly
they are in fact superclasses.
For the case where IK = {z} or IK = {a, b, c} \ {z}, without loss of generality assume
z = a. Then as above there must exist i 6≡ 0 (mod p) such that aωi ∈ [a], and again we
have {a, aω, . . . , aωp−1} is a superclass. There must exist β ∈ {b, c} and j 6≡ 0 (mod p)
such that βωj ∈ [b]. If β = b then by Equation (45) {b, bω, . . . , bωp−1} ⊂ [b]. Therefore if
b ∈ IK , then K = [b] so we see that {b, bω, . . . , bω
p−1, c, cω, . . . , cωp−1} is a superclass. If
β = c then cωj ∈ [b] so by Equation (45) {b, cω, . . . , cωp−1} ⊂ [b]. There also exists t 6≡ 0
(mod p) such that bωt ∈ [c], so {c, bω, . . . , bωp−1} ⊂ [c]. We are then able to combine
Equations (44) and (45) twice, once with x = b, y = c and once with x = c, y = b:
(p− 1)M̂(θ, χ)(b) = −M̂(θ, χ)(c), (47)
(p− 1)M̂(θ, χ)(c) = −M̂(θ, χ)(b). (48)
We then have
− (p− 1)2M̂(θ, χ)(b) = −M̂(θ, χ)(b). (49)
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Therefore
M̂(θ, χ)(b) = M̂(θ, χ)(c) = 0. (50)
We conclude that [b] = [c], or equivalently {b, bω, . . . , bωp−1, c, cω, . . . , cωp−1} is a super-
class.
Finally, we consider when IK = {a, b, c} for all K. In this case we want to show that
G \ 〈ω〉 = {a, aω, . . . , aωp−1, b, bω, . . . , bωp−1, c, cω, . . . , cωp−1} (51)
is a superclass. There exists x ∈ {a, b, c} and i 6≡ 0 (mod p) such that xωi ∈ [a]. If x = a
then by Equation (45) {a, aω, . . . , aωp−1} ⊂ [a]. Since a ∈ IK implies K = [a] we must
have G \ 〈ω〉 is a superclass. We now suppose that x 6= a and without loss of generality
suppose that x = b. Then by Equation (45) with y = b we have {a, bω, . . . , bωp−1} ⊂ [a].
There exists j such that aωj ∈ [b]. If j ≡ 0 (mod p), then [a] = [b]. b ∈ IK implies K = [a]
so G\〈ω〉 is a superclass. If j 6≡ 0 (mod p), then by Equation (45) {b, aω, . . . , aωp−1} ⊂ [b].
As above, we can combine 44 and 45 twice to conclude that [a] = [b]. Since a ∈ IK implies
K = [a] we again have G \ 〈ω〉 is a superclass.
We now see that every superclass disjoint from 〈ω〉 is a union of 〈ω〉-cosets. Therefore
we see that A is a wedge product of a supercharacter theory for Cp and a supercharacter
theory for (Cp × C2 × C2)/Cp. This supercharacter theory is determined by a choice of
the supercharacter theory for Cp and a choice of supercharacter theory for Irr(C2 × C2).
6 Complementary Subgroups
We now consider the cases where there exist complementary subgroups which are unions of
superclasses. We shall first need a few lemmas about supercharacter theories of Cp = 〈ω〉.
Recall that ρ is a chosen primitive pth root of unity.
Lemma 6.1. [Hen08, Lemma 6.9] If p is prime, then every supercharacter theory of Cp is
generated by automorphisms.
From this we have the following lemma. We will also provide a direct proof.
Lemma 6.2. Let A be a supercharacter theory of Cp where p is prime. Then every element
of KA other than {e} has the same size, and this is equal to the size of every element of
XA other than {triv}.
Proof. Fix a supercharacter theory A of Cp. Let θ 6= triv be a supercharacter of A
with r irreducible characters as summands such that r is minimal. For k 6≡ 0 (mod p),
θ(ωk) is a sum of r distinct roots of unity. Let χ be an irreducible character which
is a summand of θ. Because {ρ, ρ2, . . . , ρp−1} is linearly independent over Q we have
χ(ωk) = χ(ωv) iff ωk = ωv. Hence we see that r is the maximal number of elements a
superclass can contain. Let m be the number of superclasses different from {e}, which is
equal to the number of supercharacters different from triv. Then since r is the minimal
number of irreducible characters which are summands of a nontrivial supercharacter we
have rm ≤ p− 1. However, since r is the maximal number of elements in a superclass we
see that p − 1 ≤ rm. We conclude that rm = p − 1. Hence every superclass other than
{e} has r elements, and every supercharacter other than triv has r irreducible characters
as summands.
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Remark 6.1. The size of every superclass other than {e} is the order of the group of
automorphisms which generates the supercharacter theory. Further since Aut(Cp) ∼= Cp−1
for p prime, and a cyclic group has at most one subgroup of a given order, we see that
the size of the superclasses determines the supercharacter theory. Also the dimension
determines the supercharacter theory.
Lemma 6.3. Let θ 6= triv be a supercharacter for a supercharacter theory A of Cp where
p is prime. If χ1 6= χ2 are summands of θ and x 6= e, then there exists y ∈ [x], y 6= x, such
that χ1(x) = χ2(y).
Proof. Suppose that θ is a sum of r irreducible characters. Since x 6= e, θ(x) is a sum of
r distinct roots of unity. By Lemma 6.2, | [x] | = r. Since χ2(x) = χ2(z) iff x = z, we see
that there are r distinct values that χ2 takes when evaluating elements of [x]. Hence there
must be a y ∈ [x] such that χ2(y) = χ1(x).
Lemma 6.4. Let ωℓ, ωk ∈ Cp for p prime, and let θ 6= triv be a supercharacter for some
supercharacter theory A of Cp. If ω
ℓ /∈
[
ωk
]
then the set of roots of unity which appear
as summands of θ(ωℓ) are disjoint from those which appear as summands of θ(ωk).
Proof. If either ωℓ = e or ωk = e, then the result clearly holds. Suppose that ωℓ 6= e
and ωk 6= e. Clearly the result also holds if θ is a single irreducible character, so suppose
it is not. Suppose that ρi is a summand of both θ(ωℓ) and θ(ωk). Then there exist χ1,
χ2 ∈ Irr(Cp), χ1 6= χ2 such that χ1, χ2 are summands of θ and χ1(ω
ℓ) = χ2(ω
k) = ρi.
However, by the previous lemma there exists a ωℓ
′
∈
[
ωk
]
such that χ1(ω
ℓ′) = ρi, which
is a contradiction.
Suppose that A is a supercharacter theory such that Ĥ1, Ĥ2 ∈ A for a complementary
pair H1,H2 of Cp × C2 × C2. This may occur in two ways: H1 ∼= Cp × C2 and H2 ∼= C2
or H1 ∼= Cp and H2 ∼= C2 × C2. We leave the proof of the following to the reader:
Lemma 6.5. IfH1 andH2 are a complementary pair and Ĥ1, Ĥ2 ∈ A, then A is a refinement
of the direct product theory of A|H1 and A|H2 .
If H1 ∼= Cp × C2 and H2 ∼= C2, then we see that A must be the direct product
supercharacter theory as there is no supercharacter theory A′ which is a refinement of
A such that A′|H2 = A|H2 . Since Cp × C2 is cyclic, all its supercharacter theories have
already been classified, see [LM98] and [LM96], and Lemma 8.2. Hence the case we
must consider is H1 ∼= Cp and H2 ∼= C2 × C2. Similarly if A|H1 or A|H2 is the minimal
supercharacter theory, then A must be the direct product supercharacter theory. We shall
divide the remaining possibilities into two cases by considering the dimension of A|〈a,b〉.
By definition the dimension can’t be one, and if the dimension is four A|〈a,b〉 is the minimal
supercharacter theory. Case 3 will be when the dimension is equal to three, and Case 4
will be when the dimension is equal to two.
6.1 Case 3
Suppose that H1 = 〈ω〉, H2 = {e, a, b, c} and Ĥ1, Ĥ2 ∈ A. By Lemma 3.1, this implies that
ψa+ψb+ψc and 〈̂χ〉 are sums of supercharacters. We consider the case where A|〈ω〉 is not
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the minimal supercharacter theory for 〈ω〉, and the dimension of A|〈a,b〉 is equal to three.
Without loss of generality we let {a} and {b, c} be superclasses, which implies by Lemma
3.1 that ψa and ψb + ψc are supercharacters. Note that this implies 〈̂χ,ψa〉 is a sum of
supercharacters. Let TK be the set of superclasses which are disjoint from 〈ω, a〉 and 〈a, b〉
and let K ∈ TK. Similarly let TX be the set of supercharacters which are not a summand of
̂Irr(〈χ,ψa〉) or ̂Irr(〈ψa, ψb〉), and let θ ∈ TX . We note that |TK| = |TX |. {M(θ, ψb)}θ∈TX is a
partition of Irr(〈ω〉)\{triv}. SinceM(θ, ψb) =M(ψaθ, ψc) and θ ∈ TX iff ψaθ ∈ TX we see
that {M(θ, ψc)}θ∈TX is the same partition. Similarly {M(K, b)}K∈TK = {M(K, c)}K∈TK
are partitions of 〈ω〉 \ {e}. We want to show that these partitions define a supercharacter
theory of Cp which is a refinement of A|〈ω〉.
Since θ(b) = θ(c) we have
|M(θ, ψb)| = |M(θ, ψc)|. (52)
If M(θ, ψb) ∩M(θ, ψc) 6= ∅, then θ = ψaθ so M(θ, ψb) = M(θ, ψc). Hence M(θ, ψb) and
M(θ, ψc) are either disjoint or equal.
Suppose they are disjoint. By Lemma 6.5, θ is a summand of β(ψb + ψc) for some
supercharacter β a summand of ̂Irr(〈ω〉).
θ(ψb + ψc) = (M̂(θ, ψb) + M̂(θ, ψc)) + (M̂(θ, ψb) + M̂(θ, ψc))ψa. (53)
M̂(θ, ψb) + M̂(θ, ψc) is a summand of β, so M̂(θ, ψb) + M̂(θ, ψc) = β. If ω
ℓb ∈
[
ωkb
]
for
ℓ 6≡ k (mod p) then
θ(ωℓb) = θ(ωkb) (54)
M̂(θ, ψb)(ω
ℓ)− M̂(θ, ψc)(ω
ℓ) = M̂(θ, ψb)(ω
k)− M̂(θ, ψc)(ω
k). (55)
Since M(θ, ψb) ∩M(θ, ψc) = ∅ this implies
M̂(θ, ψb)(ω
ℓ) = M̂(θ, ψb)(ω
k), (56)
M̂(θ, ψc)(ω
ℓ) = M̂(θ, ψc)(ω
k). (57)
Similarly if ωℓc ∈
[
ωkc
]
for ℓ 6≡ k (mod p) the above equations hold.
Since |TX | = |TK|, we see that
({M(θ, ψc)}θ∈TX , {M(K, c)}K∈TK ) = ({M(θ, ψb)}θ∈TX , {M(K, b)}K∈TK) (58)
is a supercharacter theory of Cp. It is clearly a refinement of A|〈ω〉 since A is a refinement
of a direct product theory by Lemma 6.5. We further observe that for ωℓb ∈
[
ωkc
]
θ(ωℓb) = θ(ωkc) (59)
M̂(θ, ψb)(ω
ℓ)− M̂(θ, ψc)(ω
ℓ) = −M̂(θ, ψb)(ω
k) + M̂(θ, ψc)(ω
k) (60)
M̂(θ, ψb)(ω
ℓ) = M̂(θ, ψc)(ω
k). (61)
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Similarly, for K ∈ TK we have that M(K, b) and M(K, c) are either equal or disjoint.
Suppose that there exists K such thatM(K, b) =M(K, c). Let ωkb, ωkc ∈ K and θ ∈ TX .
Then
θ(ωkb) = θ(ωkc) (62)
θ(ωkb) = M̂(θ, ψb)(ω
k)− M̂(θ, ψc)(ω
k) = −θ(ωkc) (63)
θ(ωkb) = θ(ωkc) = 0. (64)
So M̂(θ, ψb) and M̂(θ, ψc) have to take the same value on M(K, b) = M(K, c). For a
supercharacter theory of Cp where p is prime, it is impossible for distinct supercharacters
to take the same value on a superclass. Therefore either M(θ, ψb) = M(θ, ψc) and hence
A is a direct product theory, or M(K, b) 6=M(K, c) for every K ∈ TK. Since |TK| = |TX |,
the latter case implies M(θ, ψb) 6=M(θ, ψc) for every supercharacter θ ∈ TX .
This concludes our consideration of the conditions that every supercharacter theory of
the form of Case 3 must satisfy. We now consider the sufficient direction and show that
any partition that satisfies these conditions is indeed a supercharacter theory. Given a
set X we will denote the set of all subsets of X by P(X). We will consider the potential
supercharacter theory (X ,K) of G = 〈ω, a, b〉 where X ⊂ P(Irr(G)), K ⊂ P(G), |X | = |K|
and further the following are satisfied:
• (X ∩P(Irr(〈ω〉)),K∩P(〈ω〉)) is a non-minimal supercharacter theory for Cp and we
will denote the corresponding algebra by B.
• {a}, {b, c} ∈ K and {ψa}, {ψb, ψc} ∈ X .
• (X ∩ P(Irr(〈ω, a〉)),K ∩ P(〈ω, a〉)) is the direct product supercharacter theory of B
and the unique supercharacter theory of 〈a〉.
If (X ,K) is a direct product supercharacter theory we are done, so assume that it is not.
Suppose that
{M(K, b)|K ∈ K,K ⊂ 〈ω〉 × {b, c}} = {M(K, c)|K ∈ K,K ⊂ 〈ω〉 × {b, c}} (65)
is a supercharacter theory B′ of Cp which is a refinement of B satisfying the following
condition: for every superclass U 6= {e} of B′ there is a superclass V of B′ satisfying
(A1) |U | = |V |
(A2) U ∩ V = ∅
(A3) U ∪ V is a superclass of B
(A4) (U × {b}) ∪ (V × {c}) ∈ K
(A5) (U × {c}) ∪ (V × {b}) ∈ K.
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Also, the analogous conditions hold for the supercharacters as well, with σ, σ′ in the roles
of U, V . We also assume that for every such supercharacter of B′ σ 6= triv we have for all
x ∈ U , y ∈ V
σ(x) = σ′(y). (66)
This is well defined since σ+σ′ is a supercharacter for B, and hence is constant on U ∪V .
Therefore Equation (66) is equivalent to σ(y) = σ′(x). We can view these assumptions as
stating that every superclass of B′ is a superclass of B split into two halves which satisfy
Equation (66). Note that U and V correspond to M(K, b) and M(K, c) and similarly σ
and σ′ correspond to M̂(θ, ψb) and M̂(θ, ψc). This concludes our listing of assumptions,
we shall now show that (X ,K) is a supercharacter theory for G.
We observe that |X | = |K|, hence we only need to show that all potential superchar-
acters are constant on all potential superclasses. We begin with K ∈ TK and θ ∈ TX .
M̂(θ, ψb) and M̂(θ, ψc) are constant on M(K, b) and M(K, c) because they are superchar-
acters and superclasses for B′. By Equation (66) we have that θ is constant on all of K.
Since a supercharacter of B is constant on M(K, b) ∪M(K, c) by assumption (A3), it is
constant on M(K, b) and M(K, c), so it is constant on K. Similarly for the supercharac-
ters of Irr(〈ω〉)× {ψa}. Clearly ψa and ψb +ψc are constant on K. Hence every potential
supercharacter from X is constant on K ∈ TK.
Now let K ∈ K be a superclass which is a subset of 〈ω〉. If ωℓ ∈ K, then for θ ∈ TX we
have θ(ωℓ) = (M̂(θ, ψb)+M̂(θ, ψc))(ω
ℓ). Since M̂(θ, ψb)+M̂(θ, ψc) is a supercharacter for
B, we see that θ is constant on K. The supercharacters of Irr(〈ω〉) and Irr(〈ω〉)×{ψa} are
clearly constant on K. ψb+ψc takes the constant value 2 and ψa takes the constant value
1 on K. In a similar fashion, we see that all potential supercharacters in X are constant
on the superclasses which are contained in 〈ω〉 × {a}.
Finally we consider the superclass {b, c}. For θ ∈ TX we have
θ(b) = |M(θ, ψb)| − |M(θ, ψc)| = 0, (67)
θ(c) = −|M(θ, ψb)|+ |M(θ, ψc)| = 0. (68)
Clearly any supercharacter of Irr(〈ω〉) or Irr(〈ω〉)×{ψa} is constant on {b, c}. ψa takes the
value −1, and ψb+ψc takes the value 0 on {b, c}. Therefore every potential supercharacter
is constant on every potential superclass. We conclude that (X ,K) defines a supercharacter
theory of G.
The above argument describes the supercharacter theories of Case 3. We will now
present an alternate proof of the sufficient direction above, as it is useful to see that every
supercharacter theory of Case 3 which is not a direct product can be generated by a group
of automorphisms. Let A be such a supercharacter theory, and let B be the supercharacter
theory A|〈ω〉. Let B
′ be a refinement of B satisfying (A1) through (A5). By Lemma 6.1
every supercharacter theory of Cp can be generated by a subgroup of Aut(Cp) ∼= Cp−1.
Since every subgroup of a cyclic group is cyclic, there exists φ0 ∈ Aut(〈ω〉) such that〈φ0〉
generates B. Similarly, there exists φ′ where 〈φ′〉 generates the supercharacter theory B′.
By Lemma 6.2 we know that every superclass other than {e} in B′ is the same size, and
by (A3) the size of every superclass other then {e} in B is double that size. Further, it is
clear that this size equals |〈φ′〉|. Since a cyclic group has at most one subgroup of a given
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order we have 〈φ′〉 = 〈φ20〉. We now let φ ∈ Aut(G) be defined by φ(ω) = φ0(ω), φ(a) = a,
φ(b) = b, and φ(c) = c.
Let ψ ∈ Aut(G) be such that ψ(ω) = ω, ψ(a) = a, ψ(b) = c, and ψ(c) = b. Let A′ be
the supercharacter theory generated by the group of automorphisms 〈φ◦ψ〉. We will show
that A = A′. We see that {a} and {b, c} are superclasses for A′, and A|〈ω〉 = A
′|〈ω〉. Let
ℓ 6≡ 0 (mod p) and let K0 =
[
ωℓb
]
∈ K(A′). Then M(K0, b) = {ω
ℓ, φ2(ωℓ), φ4(ωℓ), . . .}
and M(K0, c) = {φ(ω
ℓ), φ3(ωℓ), φ5(ωℓ), . . .}. Hence we see that {M(K, b)}K∈K(A′) =
{M(K, b)}K∈K(A), {M(K, c)}K∈K(A′) = {M(K, c)}K∈K(A), and M(K0, b) ∪ M(K0, c) ∈
K(A|〈ω〉). Hence A and A
′ have the same superclasses, so we conclude that A = A′.
For a supercharacter theory generated by automorphisms as above, see Example 9.1.
6.2 Case 4
We now consider the final case for p odd. Again suppose that H1 = 〈ω〉 and H2 =
{e, a, b, c}, and Ĥ1, Ĥ2 ∈ A. Suppose that A|〈ω〉 is not the minimal supercharacter theory,
and that the dimension of A|〈a,b〉 is equal to 2 which is equivalent to {a, b, c} is a superclass.
Let TK be the set of superclasses of A which are disjoint from H1 andH2, and let TX be the
set of supercharacters which are not a summand of ̂Irr(H1) or ̂Irr(H2). Again |TK| = |TX |.
Let K ∈ TK and θ ∈ TX . Since {a, b, c} is a superclass, there is a constant r such that
((ω + ω2 + . . . + ωp−1)K̂) ◦ (a+ b+ c) = r(a+ b+ c) ∈ A. (69)
Hence |M(K,a)| = |M(K, b)| = |M(K, c)| = r. Similarly |M(θ, ψa)| = |M(θ, ψb)| =
|M(θ, ψc)|. Then (a+ b+ c)K̂ equals:
(M̂(K,a) + M̂(K, b) + M̂(K, c)) + (M̂(K, c)a+ M̂(K,a)b+ M̂(K, b)c)+
(M̂(K, b)a+ M̂(K, c)b+ M̂(K,a)c). (70)
By Lemma 6.5 K is a subset of α×{a, b, c} for some superclass α of A|〈ω〉, so we have for
some constant t, M̂(K,a) + M̂(K, b) + M̂(K, c) = tα̂. Then the remaining terms
W = (M̂(K, c) + M̂(K, b))a+ (M̂(K,a) + M̂(K, c))b+ (M̂(K, b) + M̂(K,a))c ∈ A. (71)
If K̂ is not a summand of W then M(K,a), M(K, b), and M(K, c) are pairwise disjoint.
Suppose K̂ is a summand. Without loss of generality, suppose ωℓ ∈ M(K,a) ∩M(K, b)
with ℓ 6≡ 0 (mod p). Then
θ(ωℓa) = θ(ωℓb) (72)
and further by evaluating we see that
M̂(θ, ψa)(ω
ℓ)− M̂(θ, ψb)(ω
ℓ)− M̂(θ, ψc)(ω
ℓ) =
− M̂(θ, ψa)(ω
ℓ) + M̂(θ, ψb)(ω
ℓ)− M̂(θ, ψc)(ω
ℓ) (73)
which becomes
M̂(θ, ψa)(ω
ℓ)− M̂(θ, ψb)(ω
ℓ) = −M̂(θ, ψa)(ω
ℓ) + M̂(θ, ψb)(ω
ℓ) (74)
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M̂(θ, ψa)(ω
ℓ) = M̂(θ, ψb)(ω
ℓ). (75)
That implies M(θ, ψa) = M(θ, ψb). Since M̂(θ, ψa) + M̂(θ, ψb) + M̂(θ, ψc) is a multiple
of a Cp supercharacter, we have M(θ, ψc) = M(θ, ψb) because M̂(θ, ψa) + M̂(θ, ψb) +
M̂(θ, ψc) = 2M̂(θ, ψb) + M̂(θ, ψc) implies that some terms have multiplicity at least 2,
hence all terms must have multiplicity 3. Therefore every supercharacter θ ∈ TX satisfies
θ = M̂(θ, ψa)(ψa + ψb + ψc) hence A is a direct product supercharacter theory. Therefore
for all K ∈ TK we have M(K,a) =M(K, b) =M(K, c).
Hence either M(K,a), M(K, b), and M(K, c) are all equal or all pairwise disjoint.
Further, if there is one superclass K ∈ TK with M(K,a) = M(K, b) = M(K, c), then
it must be true for all superclasses in TK. Also if M(K,a) = M(K, b) = M(K, c) then
W = 2K̂ since they both have 6r terms. It is clear that if M(K,a), M(K, b), andM(K, c)
are pairwise disjoint for all K ∈ TK, then M(θ, ψa), M(θ, ψb), and M(θ, ψc) are pairwise
disjoint for all θ ∈ TX .
Suppose that M(K,a), M(K, b), and M(K, c) are pairwise disjoint for all K ∈ TK.
Fix a K ∈ TK and let ω
s, ωt ∈M(K,a). Then
θ(ωsa) = θ(ωta). (76)
Evaluating gives
M̂(θ, ψa)(ω
s)− M̂(θ, ψb)(ω
s)− M̂(θ, ψc)(ω
s) =
M̂(θ, ψa)(ω
t)− M̂(θ, ψb)(ω
t)− M̂(θ, ψc)(ω
t). (77)
Since M(θ, ψa), M(θ, ψb), and M(θ, ψc) are pairwise disjoint we have
M̂(θ, ψa)(ω
s) = M̂(θ, ψa)(ω
t). (78)
Therefore M̂(θ, ψa) is constant on M(K,a). Similarly M̂(θ, ψb) is constant on M(K, b)
and M̂(θ, ψc) is constant on M(K, c). We conclude that the three pairs
({M(θ, ψa)}θ∈TX , {M(K,a)}K∈TK ) , (79)
({M(θ, ψb)}θ∈TX , {M(K, b)}K∈TK ) , (80)
({M(θ, ψc)}θ∈TX , {M(K, c)}K∈TK ) , (81)
are all supercharacter theories for Cp after adjoining {triv} and {e}. Using Lemma 6.1
and recalling Remark 6.1, we see that since they are all the same dimension and p is prime,
they are all the same supercharacter theory.
Suppose ωk ∈M(K,a) and ωℓ ∈M(K, b), then
θ(ωka) = θ(ωℓb). (82)
Evaluating gives
M̂(θ, ψa)(ω
k)− M̂(θ, ψb)(ω
k)− M̂(θ, ψc)(ω
k) =
− M̂(θ, ψa)(ω
ℓ) + M̂(θ, ψb)(ω
ℓ)− M̂(θ, ψc)(ω
ℓ). (83)
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For any j and ψx and ψy where x, y ∈ {a, b, c} and x 6= y we observe that the set of
roots of unity which appear as summands of M̂(θ, ψx)(ω
j) and M̂(θ, ψy)(ω
j) are disjoint.
Therefore
M̂(θ, ψa)(ω
k) = M̂(θ, ψb)(ω
ℓ). (84)
Hence for a fixed superclass K, ωk ∈M(K,a), ωℓ ∈M(K, b), and ωr ∈M(K, c), we have
by symmetry
M̂(θ, ψa)(ω
k) = M̂(θ, ψb)(ω
ℓ) = M̂(θ, ψc)(ω
r). (85)
By Lemma 6.4, we have for ωk ∈ M(K,a) and ωℓ ∈ M(K, b) that the set of roots of
unity which appear as summands of M̂(θ, ψc)(ω
k) is disjoint from those in M̂(θ, ψc)(ω
ℓ).
Returning to Equation (83), this implies
M̂(θ, ψb)(ω
k) = M̂(θ, ψc)(ω
ℓ), (86)
M̂(θ, ψa)(ω
ℓ) = M̂(θ, ψc)(ω
k). (87)
Then we proceed in a similar fashion to get
M̂(θ, ψa)(ω
r) = M̂(θ, ψb)(ω
k), (88)
M̂(θ, ψc)(ω
k) = M̂(θ, ψb)(ω
r). (89)
Note that the final set of equations we get by symmetry is redundant, as we may already
conclude
M̂(θ, ψb)(ω
k) = M̂(θ, ψc)(ω
ℓ) = M̂(θ, ψa)(ω
r), (90)
M̂(θ, ψc)(ω
k) = M̂(θ, ψa)(ω
ℓ) = M̂(θ, ψb)(ω
r). (91)
Suppose that the supercharacter theories A|〈ω〉 and ({M(K,a)}K∈TK , {M(θ, ψa)}θ∈TX )
are given. Then given a superclass α ∈ A|〈ω〉, we have α = α1 ∪ α2 ∪ α3 where α1, α2,
and α3 are superclasses in the supercharacter theory ({M(K,a)}K∈TK , {M(θ, ψa)}θ∈TX ).
Then there are two possibilities: either we have for A the three superclasses
{α1a ∪ α2b ∪ α3c}, {α2a ∪ α3b ∪ α1c}, {α3a ∪ α1b ∪ α2c} (92)
or
{α1a ∪ α3b ∪ α2c}, {α2a ∪ α1b ∪ α3c}, {α3a ∪ α2b ∪ α1c}. (93)
The situation is similar for θ ∈ TX . However, we do not have independent possibilities for
each K. The above equations tell us that given a single fixed superclass K ∈ TK, for any
θ ∈ TX the value of M̂(θ, ψa) on M(K,a), M(K, b), and M(K, c) determines the values
of M̂(θ, ψb) and M̂(θ, ψc). Hence the value of a single K as either Equation (92) or (93)
determines all supercharacters in TX and hence the value as Equation (92) or (93) for
every other K ∈ TK is determined.
To understand the two possibilities, consider the algebra automorphism φ : CG→ CG
defined by φ(ω) = ω, φ(a) = a, φ(b) = c, and φ(c) = b. We see that φ exchanges the
superclasses in Equations (92) or (93), so both yield supercharacter theories for G.
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As in Case 3, we are now ready to consider the sufficient direction. Let B be a su-
percharacter theory for 〈ω〉 and let B′ be a refinement of B such that each superclass not
equal to {e} and each supercharacter not equal to triv of B is partitioned into 3 equal
sized superclasses and supercharacters respectively in B′. We partition G and Irr(G) so
that the partition of 〈ω〉 and Irr(〈ω〉) matches that of B, {a, b, c} is an element of the
partition of G, and {ψa, ψb, ψc} is an element of the partition of Irr(G). As before, let
TK be the subset of the partition of G disjoint from 〈ω〉 and 〈a, b〉, and let TX be the
set of potential supercharacters which are not summands of ̂Irr(〈χ〉) or ̂Irr(〈ψa, ψb〉). We
assume that for all K ∈ TK, M(K,a), M(K, b), and M(K, c) are pairwise disjoint, and for
all θ ∈ TX , M(θ, ψa), M(θ, ψb), and M(θ, ψc) are pairwise disjoint. Further, we assume
that each of ({M(θ, ψa)}θ∈TX , {M(K,a)}K∈TK ), ({M(θ, ψb)}θ∈TX , {M(K, b)}K∈TK), and
({M(θ, ψc)}θ∈TX , {M(K, c)}K∈TK ), after adjoining {triv} and {e}, match the superchar-
acter theory B′ . For all K ∈ TK and θ ∈ TX we assume thatM(K,a)∪M(K, b)∪M(K, c)
is a superclass of B and M(θ, ψa)∪M(θ, ψb)∪M(θ, ψc) ∈ XB . Further for every K ∈ TK,
θ ∈ TX , we suppose that for ω
k ∈M(K,a), ωℓ ∈M(K, b), and ωr ∈M(K, c) the following
holds:
M̂(θ, ψa)(ω
r) = M̂(θ, ψb)(ω
k) = M̂(θ, ψc)(ω
ℓ), (94)
M̂(θ, ψa)(ω
k) = M̂(θ, ψb)(ω
ℓ) = M̂(θ, ψc)(ω
r), (95)
M̂(θ, ψa)(ω
ℓ) = M̂(θ, ψb)(ω
r) = M̂(θ, ψc)(ω
k). (96)
We want to show that the partition KB ∪ TK ∪ {{a, b, c}} is a set of superclasses for a
supercharacter theory of G and that the corresponding supercharacters are those from B,
TX , and ψa + ψb + ψc. Clearly the partitions of G and Irr(G) are the same size. Hence
we only need to show that every potential supercharacter is constant on every potential
superclass. Let θ1 be a supercharacter for B, θ1 6= triv, and let θ2 ∈ TX .
Let K ∈ TK. Then K̂ = M̂(K,a)a+ M̂(K, b)b+ M̂(K, c)c. Clearly ψa + ψb + ψc is a
constant −1 on K. θ1 is a supercharacter for B, so it is constant on M(K,a) ∪M(K, b)∪
M(K, c) ∈ KB , hence θ1 is constant on K. Let ω
k, ωℓ, ωr be as above, so ωka, ωℓb, and
ωrc are elements of K. Then using Equations (94), (95), and (96) we have
θ2(ω
ka) = ̂M(θ2, ψa)(ω
k)− ̂M(θ2, ψb)(ω
k)− ̂M(θ2, ψc)(ω
k) =
̂M(θ2, ψb)(ω
ℓ)− ̂M(θ2, ψc)(ω
ℓ)− ̂M(θ2, ψa)(ω
ℓ) =
θ2(ω
ℓb) =
̂M(θ2, ψc)(ω
r)− ̂M(θ2, ψa)(ω
r)− ̂M(θ2, ψb)(ω
r) =
θ2(ω
rc). (97)
Now suppose that for x ∈ {a, b, c} we have xωℓ, xωℓ
′
∈ K. SinceM(K,x) is a superclass for
B′ and ̂M(θ2, ψa), ̂M(θ2, ψb), and ̂M(θ2, ψc) are supercharacters for B
′ we have θ2(xω
ℓ) =
θ2(xω
ℓ′). Hence θ2 is constant on K.
Now suppose K ∈ KB . ψa + ψb + ψc takes the constant value 3 on K. θ1 is constant
on K because B is a supercharacter theory for Cp. If ω
i ∈ K, then θ2(ω
i) equals
̂M(θ2, ψa)(ω
i) + ̂M(θ2, ψb)(ω
i) + ̂M(θ2, ψc)(ω
i) =
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( ̂M(θ2, ψa) + ̂M(θ2, ψb) + ̂M(θ2, ψc))(ω
i). (98)
Since ̂M(θ2, ψa)+ ̂M(θ2, ψb)+ ̂M(θ2, ψc) is a supercharacter for B, we see that θ2 is constant
on K.
Finally, let K = {a, b, c}. ψa + ψb + ψc takes the constant value of −1 on K. θ1 is
constant on K, taking the value equal to the number of irreducible characters which are
summands of θ1 which may be expressed as | [χ] | if χ is a summand of θ1. We have
θ2(a) = |M(θ2, ψa)| − |M(θ2, ψb)| − |M(θ2, ψc)|, (99)
θ2(b) = −|M(θ2, ψa)|+ |M(θ2, ψb)| − |M(θ2, ψc)|, (100)
θ2(c) = −|M(θ2, ψa)| − |M(θ2, ψb)|+ |M(θ2, ψc)|. (101)
Since |M(θ2, ψa)| = |M(θ2, ψb)| = |M(θ2, ψc)|, we see that θ2 is constant on K. Hence
we conclude that all potential supercharacters are constant on all potential superclasses,
so the partition KB ∪ TK ∪ {{a, b, c}} is indeed a set of superclasses for a supercharacter
theory of Cp × C2 ×C2.
As in Case 3 we have presented a direct proof for the sufficient direction. However,
such a supercharacter theory can be generated by a group of automorphisms in a similar
fashion to Case 3. Let A be a supercharacter theory satisfying the conditions of the
sufficient direction above, which is not a direct product supercharacter theory. There
exists a φ0 ∈ Aut(〈ω〉) such that 〈φ0〉 generates the supercharacter theory A|〈ω〉. Let
φ ∈ Aut(G) be defined by φ(ω) = φ0(ω) and φ|〈a,b〉 = id. Let ψ ∈ Aut(G) be given by
ψ(ω) = ω, ψ(a) = b, ψ(b) = c, and ψ(c) = a. Then by an analogous argument as in Case
3, we see that 〈φ ◦ ψ〉 generates A.
For supercharacter theories generated by automorphisms as above, see Examples 9.2
and 9.3.
7 Case (C2)
3
To complete our proof, we will now discuss the supercharacter theories of C2×C2×C2 =
〈x〉 × 〈y〉 × 〈z〉. We first note that there are 5 supercharacter theories for C2 × C2: the
minimal supercharacter theory, the maximal supercharacter theory, and 3 isomorphic to
the supercharacter theory with superclasses
{e}, {x}, {y, xy}. (102)
Let A be a nontrivial supercharacter theory for (C2)
3. For this group we cannot use
Theorem 3.2 to show that there must exist a proper nontrivial subgroup H such that
Ĥ ∈ A. So we begin by supposing there is no such H. Because A is nontrivial, no
superclass has size 7. Since every element other than the identity has order 2, the only
superclass which can have size 1 is {e}. By considering the complement, this implies that
no superclass has size 6. We have for {u, v} a superclass
(u+ v)2 = 2e+ 2uv ∈ A. (103)
This implies that {uv} is a superclass, so we cannot have a superclass of size 2. Hence we
cannot have a superclass of size 5, again by considering complements. This leaves only a
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superclass of size 3 and a superclass of size 4 as a valid option. If {u, v, w} is the superclass
of size 3, then by assumption {e, u, v, w} is not a subgroup. Therefore {u, v, w} is disjoint
from {uv, uw, vw}. We have
(u+ v + w)2 = 3e+ 2(uv + uw + vw) ∈ A. (104)
Hence {uv, uw, vw} is a union of superclasses and is different from {u, v, w} which is
a contradiction. Therefore we see that for every nontrivial supercharacter theory of (C2)
3
there exists a proper nontrivial subgroup H such that Ĥ ∈ A.
There are only two isomorphism types for H, either H ∼= C2×C2 or H ∼= C2. Suppose
that there is at least one H ∼= C2×C2 such that Ĥ ∈ A, and without loss of generality let
H = 〈x, y〉. We consider the possible partitions of the complement of H, {z, xz, yz, xyz}.
If {z, xz, yz, xyz} is a superclass then the supercharacter theory is a wedge product of the
supercharacter theory of H and the unique supercharacter theory of (C2)
3/H ∼= C2. Such
a supercharacter theory of (C2)
3 exists for every supercharacter theory of H, and the set
of superclasses is
KA|H ∪ {{z, xz, yz, xyz}}. (105)
If the partition of {z, xz, yz, xyz} contains a singleton, then there exists a subgroup H ′ ∼=
C2 with Ĥ ′ ∈ A and H ∩H
′ = {e}. By Lemma 6.5 we have that A must be the direct
product of the supercharacter theories of H and H ′. The only remaining possible partition
of {z, xz, yz, xyz} is two pairs, let them be {t, u} and {v,w}. We note that tu = vw ∈ H,
without loss of generality let tu = vw = x. Then A|H is either the minimal supercharacter
theory of H or {{e}, {x}, {y, z}}. If it is the minimal supercharacter theory of H, then
it is in fact a direct product supercharacter theory of 〈t, u〉 and 〈y〉, so we have already
accounted for this situation. If the supercharacter theory of H is {{e}, {x}, {y, z}}, then
we see that every superclass disjoint from 〈x〉 is a 〈x〉-coset, so A is the wedge product
of the unique supercharacter theory of 〈x〉 and the minimal supercharacter theory of
(C2)
3/〈x〉 ∼= C2 × C2.
We now consider the case where there does not exist an H ∼= C2 × C2 with Ĥ ∈ A.
There must exist H ′ ∼= C2 with Ĥ ′ ∈ A. If there is a singleton superclass {u} different
from {e} and H ′ 6= 〈u〉, then Ĥ ′ × 〈u〉 ∼= C2 × C2 and Ĥ ′ × 〈u〉 ∈ A which contradicts
our assumption. Hence H ′ is the only proper nontrivial subgroup which is a union of
superclasses. We determine how many possibilities there are for A by considering the
dual supercharacter theory of A, which we will denote by B. There is exactly one proper
nontrivial subgroup H such that Ĥ ∈ B, and H ∼= C2 × C2. Hence B|H is the maximal
supercharacter theory, and by the above argument, the complement of H is a superclass.
Hence there is only one isomorphism type for B and so there is only one isomorphism type
for A. A must be the wedge product of the supercharacter theory of H ′ and the maximal
supercharacter theory of (C2)
3/H ′ ∼= C2 × C2.
This completes the proof of Theorem 3.1, as we have considered every case.
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8 Enumeration of the Supercharacter Theories of Cp×C2×C2
for p odd
We will now determine the number of supercharacter theories of Cp×C2×C2 when p is odd,
and how many can be obtained by each of the three constructions. Working through the
argument provides a method for constructing the complete set of supercharacter theories
for a particular choice of p.
We will let D(n) equal the number of positive integers that divide n.
Lemma 8.1. Let G be a finite group with a complementary pair H, N , and let A be a
supercharacter theory for G such that A is the direct product supercharacter theory of
A|H and A|N . Then A is generated by automorphisms iff A|H and A|N are both generated
by automorphisms.
Proof. Since H and N are a complementary pair, G ∼= H×N . Clearly if A is generated by
automorphisms and K is a normal subgroup such that K̂ ∈ A, then A|K is generated by
automorphisms. Hence A|H and A|N are both generated by automorphisms by restriction.
Conversely, suppose that there exists H ′ ≤ Aut(H) and N ′ ≤ Aut(N) such that H ′ and N ′
generate the supercharacter theories A|H and A|N respectively. H
′ includes into Aut(G)
by acting trivially on N ≤ G, and similarly N ′ includes into Aut(G) by acting trivially on
H ≤ G. Then the subgroup of Aut(G) generated by the images of H ′ and N ′ generates
A.
Lemma 8.2. If p is an odd prime, then there are 3D(p− 1) + 1 supercharacter theories of
Cp×C2. Further a supercharacter theory of Cp×C2 is generated by automorphisms iff it
is a direct product supercharacter theory.
Proof. Let Cp × C2 = 〈ω〉 × 〈a〉. Since Cp × C2 ∼= C2p is cyclic, by [LM96, Th. 3.7]
every nonmaximal supercharacter theory can be constructed as a wedge product, a direct
product, or is generated by automorphisms. Since p and 2 are relatively prime, it is clear
that if A is generated by automorphisms, 〈̂ω〉 ∈ A and 〈̂a〉 ∈ A. By Lemma 6.5 A must
be a refinement of the direct product supercharacter theory of A|〈ω〉 and A|〈a〉. Since
a ∈ A, we see that A must be the direct product supercharacter theory. Conversely, if
A is a direct product supercharacter theory, then 〈̂ω〉 ∈ A and 〈̂a〉 ∈ A. By Lemma 6.1
every supercharacter theory of 〈ω〉 and 〈a〉 is generated by automorphisms. Therefore by
Lemma 8.1 A is generated by automorphisms.
The direct product supercharacter theories are in bijection with the supercharacter
theories of 〈ω〉, and by Lemma 6.1 there are D(p−1) of them. There are 2D(p−1) wedge
products, D(p− 1) where 〈ω〉 is the normal group and D(p− 1) where 〈ω〉 is the quotient
group. The only other supercharacter theory is the maximal supercharacter theory, hence
Cp × C2 has 3D(p− 1) + 1 supercharacter theories.
Lemma 8.3. [Hen09, Lemma 8.1] Let N and H be proper nontrivial normal subgroups of
G. If a supercharacter theory ofG can be constructed as a wedge product of supercharacter
theories for N and G/N and also as a wedge product of supercharacter theories of H and
G/H then N ≤ H or H ≤ N .
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Theorem 8.1. Let p be an odd prime and let p − 1 = 2k3ℓn where n is not divisible by 2
or 3. Then the number of distinct supercharacter theories of Cp × C2 × C2 is
3kD(3ℓn) + 2ℓD(2kn) + 30D(p − 1) + 13. (106)
Further, we can enumerate the supercharacter theories by method of construction. There
are 3kD(3ℓn) + 2ℓD(2kn) + 5D(p− 1) supercharacter theories which can be generated by
automorphisms, and 11D(p − 1) + 6 supercharacter theories which are direct products,
including 5D(p − 1) which can also be generated by automorphisms. If a supercharacter
theory is a wedge product, then it is not a direct product or generated by automorphisms.
There are 19D(p− 1) + 6 supercharacter theories which are wedge products, and the only
remaining supercharacter theory is the maximal supercharacter theory.
Proof. By Theorem 3.1, every nonmaximal supercharacter theory of Cp × C2 × C2 is
generated by automorphisms, a direct product, or a wedge product. We begin by con-
sidering all of the supercharacter theories generated by automorphisms. Every subgroup
of Aut(Cp × C2 × C2) generates a supercharacter theory of Cp × C2 × C2, although they
are not all distinct. Also note that the minimal supercharacter theory is generated by the
trivial subgroup of Aut(Cp×C2×C2). Since Aut(Cp) ∼= Cp−1, Aut(C2×C2) ∼= S3, and p
is odd we have that
Aut(Cp × C2 × C2) ∼= Aut(Cp)×Aut(C2 ×C2) ∼= Cp−1 × S3. (107)
We will now consider all possible subgroups of Aut(Cp)×Aut(C2×C2). Let Aut(Cp) = 〈ψ〉,
let A3 be the order three subgroup of Aut(C2 × C2) and for x ∈ {a, b, c} let Hx be the
order two subgroup of Aut(C2 × C2) that fixes x. It follows from Goursat’s Lemma that
every subgroup of G1 ×G2 can be expressed as
R = {(x, y) ∈ H1 ×H2|φ(xN1) = yN2} (108)
for a unique choice of N1 E H1 ≤ G1, N2 E H2 ≤ G2 and an isomorphism φ : H1/N1 →
H2/N2, and every such choice gives a subgroup. Let N1 E H1 ≤ Aut(Cp) and N2 E H2 ≤
Aut(C2 × C2). We have Aut(Cp) ∼= C2k × C3ℓ × Cn where n is not divisible by 2 or 3.
H2/N2 is isomorphic to the trivial group, C2, or C3. Case I: If H2/N2 ∼= {e}, then
H1 = N1 and H2 = N2. There is only one choice for φ, so it is easy to see that in this
case the subgroup R is the direct product H1 ×H2. Every choice of H1 gives a distinct
supercharacter theory of 〈ω〉, so there are D(p−1) choices for H1. However, Aut(C2×C2)
and A3 ≤ Aut(C2×C2) both generate the maximal supercharacter theory of C2×C2. We
then observe that there are five choices for H2. Hence there are 5D(p − 1) possibilities.
Case II: There are four ways for H2/N2 ∼= C2: H2 = Aut(C2 × C2) and N2 = A3,
or H2 is Ha, Hb, or Hc and N2 = {e}. We have H1 = 〈ψ
m〉 and N1 = 〈ψ
2m〉 where
m|p − 1 and (p − 1)/m is even. There is only one choice for φ. If H2 = Aut(C2 × C2)
and N2 = A3 then (id, σ) and (id, σ
2) are elements of the subgroup R where σ(a) = b,
σ(b) = c, σ(c) = a. We see that the supercharacter theory generated by this subgroup R
is the same one generated by the subgroup for H ′1 = N
′
1 = H1, H
′
2 = N
′
2 = A3, which is
〈ψm〉 × 〈σ〉. Hence this supercharacter theory has already been constructed above.
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So we will only consider H2 = Hx and N2 = {id}. There is only one choice for φ so
the resulting subgroup R is 〈ψm ◦ τ〉 ∼= C(p−1)/m, where Hx = 〈τ〉. There are three choices
for H2, kD(3
ℓn) choices for H1, and one choice for N1, which gives 3kD(3
ℓn) new contri-
butions. Note that supercharacter theories of this form correspond to the supercharacter
theories in Case 3 of Theorem 3.1 which are not direct products. See also Example 9.1.
Case III: When H2/N2 ∼= C3, we must have H2 = A3 and N2 = {e}. Then H1 = 〈ψ
m〉,
N1 = 〈ψ
3m〉 where m|(p− 1) and 3 divides (p− 1)/m. There are ℓD(2kn) possibilities for
H1, a unique N1 and two choices for φ which yields 2ℓD(2
kn) subgroups R = 〈ψm ◦σφ〉 ∼=
C(p−1)/m where φ(ψ
mN1) = σφ. Note that supercharacter theories of this form correspond
to the supercharacter theories in Case 4 of Theorem 3.1 which are not direct products.
See Examples 9.2, 9.3. We conclude that there are 3kD(3ℓn) + 2ℓD(2kn) + 5D(p − 1)
supercharacter theories generated by automorphisms.
We now consider the supercharacter theories which are direct products. By Lemma
8.1, we see that some direct product supercharacter theories of Cp × C2 × C2 can be
generated by automorphisms. In particular, by Lemma 6.1 every supercharacter theory of
Cp is generated by automorphisms, and it is easy to see that every supercharacter theory
of C2 × C2 is also generated by automorphisms. Hence we have already constructed the
5D(p−1) direct product supercharacter theories of Cp×C2×C2 with the complementary
pair Cp, C2 × C2. The other complementary pair to be considered is Cp × C2, C2. Let
x, y be distinct elements of {a, b, c} and let Cp×C2 = 〈ω, x〉, and C2 = 〈y〉. Note that if a
supercharacter theory A can be expressed as the direct product for the complementry pair
〈ω, x〉, 〈y〉 then it is also a direct product for the complementary pair 〈ω〉, 〈x, y〉 iff A|〈ω,x〉
is a direct product supercharacter theory. Therefore we want A|〈ω,x〉 to not be a direct
product. Hence we need to count the supercharacter theories A which are direct products
of A|〈ω,x〉 and A|〈y〉 such that A|〈ω,x〉 must be a wedge product with 〈ω〉 normal, a wedge
product with 〈x〉 normal, or the maximal supercharacter theory. There are six choices for
the pair x, y. In the case of 〈ω〉 normal there are D(p − 1) choices for the supercharacter
theory A|〈ω〉, and given y either choice of x yields the same supercharacter theory so there
are 3D(p − 1) possibilities. Similarly, for 〈x〉 normal there are D(p − 1) supercharacter
theories for the quotient, and either choice of y yields the same supercharacter theory so
there are 3D(p− 1) possibilities. For the maximal case, all six choices of x, y give distinct
supercharacter theories. Hence there are 6D(p − 1) + 6 direct product supercharacter
theories of Cp ×C2 × C2 which cannot be generated by automorphisms.
We now consider the wedge products. First note that if A is a wedge product, there
does not exist a complementary pair of subgroups such that both are unions of superclasses
of A. Hence A cannot be either a direct product supercharacter theory or generated
by automorphisms. If A is a wedge product of the supercharacter theories of a normal
subgroup N and G/N , then N is isomorphic to one of C2, C2 × C2, Cp, or C2 × Cp. We
will avoid constructing a supercharacter theory more than once by using Lemma 8.3. We
begin with all wedge products with N ∼= Cp. There is only one subgroup isomorphic to
Cp, so N = 〈ω〉. There are D(p− 1) supercharacter theories of N , and five supercharacter
theories of the quotient, hence there are 5D(p− 1) such supercharacter theories.
Now we consider all wedge products with N ∼= C2. There are three possibilities for N :
〈a〉, 〈b〉, and 〈c〉. N has only 1 supercharacter theory, and by Lemma 8.2 the quotient has
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3D(p− 1) + 1 supercharacter theories. Hence there are 3(3D(p − 1) + 1) wedge products
with N ∼= C2 normal.
We now want to count the wedge products with N ∼= C2×C2 which are not also wedge
products of supercharacter theories of N ′ ∼= C2 and G/N
′. We have N = {e, a, b, c}. It
is easy to check that a supercharacter theory A of Cp × C2 × C2 is a wedge product for
both N and N ′ iff the dimension of A|N is three. Hence A|N must be either the minimal
supercharacter theory, or the maximal supercharacter theory. By Lemma 6.1 there are
D(p−1) supercharacter theories for the quotient, hence we have 2D(p−1) supercharacter
theories.
Finally, we count the wedge products whereN ∼= Cp×C2 which are not wedge products
for N ′ ∼= Cp or N
′′ ∼= C2. If A is a wedge product for Cp or C2 then A|N is a wedge product
for Cp or C2 respectively. Hence A|N must be either a direct product supercharacter theory
or the maximal supercharacter theory, so there are D(p − 1) + 1 choices for A|N . There
is only one choice for the supercharacter theory of the quotient, and three choices for N :
〈ω, a〉, 〈ω, b〉, or 〈ω, c〉. Hence there are 3(D(p − 1) + 1) such supercharacter theories.
We conclude that there are 19D(p− 1) + 6 wedge products. Adding to this the super-
character theories generated by automorphisms, the direct product supercharacter theories
which are not generated by automorphisms, and the maximal supercharacter theory we
see that there are 3kD(3ℓn) + 2ℓD(2kn) + 30D(p − 1) + 13 supercharacter theories for
Cp × C2 × C2.
9 Examples
Example 9.1. Let p = 5. Let φ,ψ be automorphisms of C5×C2×C2 defined by φ(ω) = ω
2,
φ(a) = a, φ(b) = b, φ(c) = c, and ψ(ω) = ω, ψ(a) = a, ψ(b) = c, ψ(c) = b. Then the
supercharacter theory generated by the group 〈φ ◦ ψ〉 has the following superclasses:
{e}, {ω, ω2, ω3, ω4}, (109)
{a}, {b, c}, (110)
{ωa, ω2a, ω3a, ω4a}, (111)
{ωb, ω4b, ω2c, ω3c}, {ω2b, ω3b, ωc, ω4c}. (112)
For K = [ωb] we have M(K, b) = {ω, ω4} and M(K, c) = {ω2, ω3}. We see that
{e}, {ω, ω4}, {ω2, ω3} are the superclasses of the supercharacter theory of 〈ω〉 generated
by the group 〈φ2|〈ω〉〉 and that φ
2(ω) = ω−1.
Example 9.2. Let p = 7. {{e}, {ω, ω2, ω4}, {ω3, ω5, ω6}} is the set of superclasses for the
supercharacter theory of C7 generated by 〈φ0〉 where φ0(ω) = ω
2. Let φ,ψ ∈ Aut(C7 ×
C2 × C2) be defined by φ(ω) = ω
2, φ(a) = a, and φ(b) = b, φ(c) = c, and ψ(ω) = ω,
ψ(a) = b, ψ(b) = c, ψ(c) = a. Then 〈φ ◦ ψ〉 generates the supercharacter theory with
superclasses:
{e}, {ω, ω2, ω4}, {ω3, ω5, ω6}, (113)
{a, b, c}, (114)
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{ωa, ω2b, ω4c}, {ω2a, ω4b, ωc}, {ω6a, ω5b, ω3c}, (115)
{ω5a, ω3b, ω6c}, {ω3a, ω6b, ω5c}, {ω4a, ωb, ω2c}. (116)
Note that the supercharacter theory generated by 〈φ ◦ ψ−1〉 is
{e}, {ω, ω2, ω4}, {ω3, ω5, ω6}, (117)
{a, b, c}, (118)
{ωa, ω2c, ω4b}, {ω2a, ω4c, ωb}, {ω6a, ω5c, ω3b}, (119)
{ω5a, ω3c, ω6b}, {ω3a, ω6c, ω5b}, {ω4a, ωc, ω2b}. (120)
These supercharacter theories differ according to the 2 possibilities described in Equations
(92) and (93), and also the different choices for the isomorphism in Equation (108).
Example 9.3. Let ψ be defined as above and let σ ∈ Aut(C7 × C2 × C2) be defined by
σ(ω) = ω5, σ(a) = a, σ(b) = b, and σ(c) = c. Then 〈σ ◦ ψ〉 generates the following
supercharacter theory:
{e}, {ω, ω2, ω3, ω4, ω5, ω6}, (121)
{a, b, c}, (122)
{ωa, ω6a, ω2b, ω5b, ω3c, ω4c}, (123)
{ω2a, ω5a, ω3b, ω4b, ωc, ω6c}, (124)
{ω3a, ω4a, ωb, ω6b, ω2c, ω5c}. (125)
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